Abstract. The objective of this paper is to extend Ulam-Hyers stability and Ulam-Hyers-Rassias stability theory to differential equations with delay and in the frame of a certain class of a generalized Caputo fractional derivative with dependence on a kernel function. We discuss the conditions such delay generalized Caputo fractional differential equations should satisfy to be stable in the sense of Ulam-Hyers and Ulam-Hyers-Rassias. To demonstrate our results two examples are presented.
In this article, we aim to study the Ulam stability of solutions to problems of the following form:
D α x(t) = f (t, x(t), x(t − τ)), t ∈ [t 0 , t 1 ], (1) x(t) = φ(t), t 0 − τ ≤ t ≤ t 0 , τ > 0
where C t 0 D α is the left Caputo fractional derivative of x of order α, 0 < α ≤ 1 with respect to the continuous function such that (t) > 0, t ∈ [t 0 , t 1 ], f ∈ C [t 0 , t 1 ] × R 2 , R and
. Now we recall some definitions and tools. For α ∈ C, Re(α) > 0 the left Riemann-Liouville fractional integral of order α of x(t) with respect to the continuously differentiable and increasing function (t) has the following form [2, 5] 
x(s) (s)ds.
For α ∈ C, Re(α) ≥ 0, −∞ ≤ t 0 < t 1 ≤ ∞ the left Riemann-Liouville fractional derivative of order α of x(t) with respect to the continuously differentiable and increasing function (t) has the form [2, 5] 
where n = [α] + 1.
Property 0.1. [2] (t) = Γ(β) Γ(β − α) (t) − (t 0 )
The Caputo fractional derivative of order α, Re(α) ≥ 0 of x(t) with function (t) is defined by [28] 
where
Remark 0.3. It is worth to mention that if (t) = t, then (3), (4) and (7) are the classical left Riemann-Liouville fractional integral, Riemann-Liouvile fractional derivative and Caputo fractional derivative respectively [2, 5] . If (t) = ln t then (3), (4) and (7) are the left Hadamard fractional integral, fractional derivative and Caputo-Hadamard fractional derivative, respectively [7, [29] [30] [31] . The fractional operators in (3), (4) and (7) coincide with the ones in [8, 9, 32] if (t) = t ρ ρ and they coincide with the ones in [10] 
The combinations of the fractional integrals and the fractional derivatives of a function with respect to another function are given by Theorem 0.4. [28] •
The Mittag-Leffler functions which play an important role in the theory of fractional differential equations are defined as
The general Mittag-Leffler function with two parameters generalizes the one in Definition 0.5 and has the form Definition 0.6. [2, 5] 
Remark 0.7. We have the following
Below, we present a Gronwall inequality [33] in the frame of the fractional integral (3) that will play a significant role in the rest of this article Theorem 0.8. Let u and v be two integrable functions and w be a continuous function with domain
. Assume that
• u and v are nonnegative,
• w is nonneagative and nondecreasing.
If
We are going to use the following definitions of Ulam stabilities of (1) are similar to the definitions stated in [34] .
Definition 0.9. Equation (1) is said to be Ulam-Hyers stable if there exists a real number c f such that for all > 0 and for each y(t) ∈ C(
there exists a solution (1) satisfying
Definition 0.10. Equation (1) is said to be Ulam-Hyers-Rassias stable with respect to
if there exists a real number c f such that for all > 0 and for each
This article is organized as follows. In section 1, we discuss the existence and uniqueness of solutions to the Cauchy problem (1)- (2). In section 2, we discuss the Ulam-Hyers stability of (1). In section 3, we study the Ulam-Hyers-Rassias stability of (1). In section 4, we present examples and in section 5 we conclude our results.
Existence and Uniqueness Results
Before we present the existence and uniqueness theorem, we show a lemma that plays an important role in proving the theorem. Lemma 1.1. x(t) satisfies problem (1)-(2) if and only if x(t) satisfies the integral equation
α to both sides of the identity in (16), we get
The result is obtained then by using Property 0.2 and the first assertion of Theorem 0.4.
(ii) Necessity: Once more it is clear that
, applying t 0 I α to both sides of equation (1) one gets
The result is then reached by the second assertion of Theorem 0.4. Now we can state the existence uniqueness theorem.
Then the system (1)-(2) has a unique solution in C(
Proof. Define the space
and the operator
Therefore, Tx − Ty ≤ x − y and since 2L( (t 1 ) − (t 0 )) α Γ(α + 1) < 1, the operator T is a contraction and thus it has a unique fixed point by Banach fixed point theorem.
Ulam-Hyers Stability
Before we state the Ulam-Hyers stability of equation (1), let us state the following lemma
is a solution of the inequality (12), then y(t) satisfies
Proof. It is clear that y(t) satisfies (12) if and only if there exists a function h(t) such that |h(t)| ≤ and
Applying the fractional integral (3) to both sides of (18) and using Theorem 0.4 we get
Thus, we have
.
Theorem 2.2. Under the hypotheses of Theorem 1.2, equation (1) is Ulam-Hyers stable.
Proof. Let y(t) ∈ C([t 0 − τ, t 1 ], R) ∩ C 1 ([t 0 , t 1 ], R) be a solution of the inequality (12) and let x(t) be the unique solution of equation (1) satisfying the condition x(t) = y(t) for t ∈ [t 0 − τ, t 0 ]. The we have
which is guaranteed by Theorem 1.2. For t ∈ [t 0 − τ, t 0 ] we have |y(t) − x(t)| = 0. For t ∈ [t 0 , t 0 + α], we have
= |y(t) − y(t 0 ) − t 0 I α f (t, y(t), y(t − τ))
where the last inequality holds since x(t − τ) − y(t − τ) = 0, for t ∈ [t 0 , t 0 + α]. Now using Lemma 2.1 and the definition of the fractional integral (3), we get
By utilizing the Gronwall inequality in Theorem 0.8 we obtain
Thus,
For t ∈ [t 0 + τ, t 1 ], if we follow similar steps as above, we reach to the inequality
If we set z(t) = sup
Using the Gronwall inequality in Theorem 0.8, we get
Since |y(t) − x(t)| ≤ z(t), we have
This was the end of the proof.
Ulam-Hyers-Rassias Stability
Theorem 3.1. Assume that
4. There exists a function ϕ(t) ∈ C([t 0 , t 1 ], R + ) and a real number λ ϕ > 0 such that
Then equation (1) is Ulam-Hyers-Rassias stable with respect to ϕ.
, R) be a solution of the inequality (14) . We have
Applying the integral operator in (3) to get
Using the fourth condition, we obtain
Choose x(t) such that
, we have |x(t) − y(t)| = 0. If t ∈ [t 0 , t 0 + τ] on using Lemma 1.1, we can write
where the last inequality holds because of the Gronwall inequality in Theorem 0.8. For t ∈ [t 0 + τ, t 1 ], if we use similar arguments, we obtain the inequality
Again, setting z(t) = sup
Using The Gronwall inequality in Theorem 0.8 yields
Because |y(t) − x(t)| ≤ z(t), we have
Examples
Example 4.1. Consider the Cauchy problem
and f is continuous,
Thus the Lipschitz constant is L = 1 100 . Moreover we have 
It is obvious since f (t, u, v) = . Now
Let ϕ(t) = t 2 − 1. then we have 
ϕ(t).
Letting λ ϕ = 2 Γ( , we have all conditions of Theorem 3.1 satisfied. Thus (19) is Ulam-Hyers-Rassias stable with respect to ϕ(t) = t 2 − 1.
Conclusion
In this paper, we studied the Ulam stability of solutions of initial value problems that incorporate a certain type of generalized Caputo fractional derivative that generalizes the classical Caputo fractional derivative and well known Caputo-type fractional derivatives. We stated the conditions under which these solutions are stable in the frame of Ulam-Hyers and Ulam-Hyers-Rassias. Thus, our results is a generalization of the previous studies on Ulam stability when the Caputo or Caputo-Hadamard fractional derivatives are involved. We remark that it would be interesting to study the qualitative properties of differential equations that include fractional operators with nonsingular kernels and the stability of solutions is one of these properties.
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